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Introduction 
In a previous paper [5] we have tried to extend a theory of ideals in 
commutative rings to the non-commutative case. In this paper we 
investigate further properties of the concepts which were introduced in [5]. 
It turns out that much of KRULL's work in [4] can be extended to non-
commutative rings. In his paper [3] Krull also treated two-sided ideals 
in non-commutative rings, but our point of view is different from that 
Df Krull in [3]. With the introduction of isolated primary components 
of an ideal a (theorem 5) we needed an assumption about the isolated 
Z-components of a in order to prove that these ideals are primary; namely 
that every minimal prime ideal belonging to the isolated Z-component 
ideal i~ of a (,P is a given minimal prime ideal of a) is Z-related to i~ . 
For the definitions of these and other concepts we refer to our previous 
paper (5]. An example shows that our condition is not fulfilled in every 
ring. For commutative rings it is proved by McCoY [9, Theorem 27] 
for an arbitrary ideal a. In the non-commutative case sufficient conditions 
that the isolated [-component ideal i~ of a be primary are obtained by 
supposing that i~ has only a finite number of minimal prime ideals. If 
now the radical m(i~) (in the sense of McCoy) is represented by an 
irredundant representation of minimal primes ,Pt (i.e. no ,Pt contains the 
intersection of the remaining ones), then we can show than an element 
b is Z-unrelated to m(i~) if and only if b belongs to no minimal prime 
ideal of i~. Thus every minimal prime ideal of i~ is Z-related to m(i~) . 
If we suppose now that i~ is semi-prime i.e. i~ = m(i~) , then condition (A) 
of theorem 5 and so theorem 5 holds. Then every minimal prime ideal of 
iv is Z-related to m(i~) or to i~. In this case i~=m(i~)= ,P , so that i~ is a 
prime ideal. However, these conditions are not necessary as may be seen 
from the following example. Let R be the ring of all polynomials in two 
non-commutative indeterminates x and y with coefficients in a field K. 
If a= ( x2, xy), then a has a unique minimal prime ideal ,p = ( x) belonging 
to a and m(a) = (x). The unique isolated Z-component ideal i~ of a consists 
of all elements c such that mRc C a for some m in the complement C(,p) 
of,p. It may be shown that i~ equals a = (x2, xy). Thus i~=a io m(i~) = m(a), 
but i~ is a primary ideal since aRb C (x2, xy) and a ¢= (x2, xy) together 
imply bE (x) (cf. definition 7). 
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The first part of our paper gives, among others, a proof of a theorem 
of McCoY (theorem 2) with the aid of the so-called semi-prime ideals 
or half-prime ideals, which have some interest in itself. In the second 
part we discuss the primary ideals, introduced in definition 7. It may 
be remarked here, that MuRDOCH [10] gives the same definition for right 
primary ideals. In [1] CURTISS gives the following definition: an ideal q 
is (right) primary if for arbitrary ideals a and 0: ao k q, a not in q imply 
o rk q for some positive integer r. He then shows that for rings satisfying 
the maximum condition for right ideals, Murdoch's definition is equivalent 
to his definition. Thus in rings with maximum condition for right ideals, 
our r-primary ideals are identical with those of Curtiss. However it is 
our intention to set up an ideal theory without finiteness assumptions, 
and so we do not go further into this result. We can prove: the radical 
of a primary ideal is prime without any assumptions of finite chain 
conditions, generalizing a result of Murdoch. Finally, we extend some 
results of FucHs [2] to the general, that is, non-commutative case. 
In another paper we hope to investigate the properties of intersections 
of primary ideals. 
l. Let R be an associative ring. The ideals in R, which we consider, 
are always two-sided ideals. We repeat some definitions, which we have 
used also in [5]. 
Definition 1. An ideal .p is called a prime ideal if axb = O(.p) for 
all x E R implies a = O(.p) or b == O(.p ). 
In connection with this we state 
Definition 2. A set M of elements of R is an m-system if and only 
if c E M, d E M imply that there exists an element x of R such that 
cxd EM. 
From definitions 1 and 2 it follows that an ideal .p is a prime ideal if 
and only if its complement C(.p) is an m-system:. In the special case that 
,P=R, the complement C(.p) is the void set and therefore we agree to 
consider the void set as an m-system, for clearly R is a prime ideal in R. 
If two sets of elements of R have no elements in common, we say 
that either of these sets does not meet the other. 
In our previous paper [5] we proved the following: 
Lemma 1. Let M be an m-system in R, and a an ideal which does 
not meet M. Then a is contained in an ideal .p which is maximal in the 
class of ideals which do not meet M. The ideal.p is necessarily a prime ideal. 
Next we define: 
Definition 3. A prime ideal .pis a minimal prime ideal belonging to 
the ideal a if and only if a k .1J and there exists no prime ideal .1J' such 
that a C .p' C .p. (By .p' C .p we mean that .p' is properly contained in .p). 
We can now prove the lemma (cf. [8]): 
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Lemma 2. A set .):) of elements of the ring R is a minimal prime 
ideal belonging to a if and only if 0(.):)) is maximal in the class of m-systems 
which do not meet a. 
Proof. First, let .):) be a set of elements of R with the property that 
M =0(.):)) is a maximal m-system which does not meet a. If.):)* is the 
prime ideal whose existence is asserted in Lemma 1, then 0(.):)*) is an 
m-system which contains M and does not meet a. The maximal property 
of M implies that O(.):)*)=M=O(.):)), and hence.):}=.):)*. Thus.):) is a prime 
ideal containing a. Clearly there can exist no prime ideal .):)1 such that 
a C .):)1 C.):), since this would imply that 0(.):)1) is an m-system which does 
not meet a and properly contains M; hence .):) is a minimal prime ideal 
belonging to a. 
Conversely, if.):) is a minimal prime ideal belonging to a, M =0(.):)) is 
an m-system which does not meet a and by Zorn's lemma there exists 
a maximal m-system M' which contains M and does not meet a. By 
the part of the lemma iust proved O(M')=.):)' is a minimal prime ideal 
belonging to a. Since M' "J M, it follows that O(M') C O(M) or .):)' C.):). 
Thus a C.):)' C.):), from which it follows that .):) =.):)', and thus M =M'. 
This shows that 0(.):)) = M is a maximal m-system which does not meet a, 
and completes the proof of the lemma. 
Definition 4. An ideal t is called half-prime if the property that 
every m-system, which contains a, contains an element of t implies that 
a Et. 
The notion of half-prime ideals is introduced by W. KRULL in his 
paper [ 4]: f) is half-prime if the congruence rXr - O(f)) implies rX O(f)), 
i.e., if no power of an element not contained in f) is contained in f). 
As every multiplicatively closed system, which contains rX, contains 
all powers of rX, an equivalent definition reads: f) is half-prime if the 
property that every multiplicatively closed system, which contains rX, 
contains an element of f) implies that rX E f). Since every multiplicatively 
closed system is an m-system [8] our definition coincides with that of 
Krull for the commutative case, when our m-system is restricted to be 
a multiplicatively closed system. 
Now we can prove: 
Theorem 1. Every half-prime ideal t is the intersection of all the 
minimal prime ideals belonging to it. 
Proof. As t is contained in every minimal prime ideal belonging to 
it, t is also contained in the intersection of these prime ideals. Now let 8 
be an arbitrary element of R not in t. (If t=R, then the theorem is trivial). 
Then there exists at least one m-system S, which contains 8 but does not 
meet t, since t is half-prime. By Zorn's lemma there exists a maximal 
m-system S* which contains S and does not meet t. By Lemma 2 O(S*) 
is a minimal prime ideal belonging to t, and clearly O(S*) does not 
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contains. Hence to every elements, not in t, there exists a minimal prime 
ideal O(S*) belonging to t, which does not contain s. The theorem is 
therefore established. 
Suppose now that ~, is any prime ideal containing t, then M =0(~') 
is an m-system which does not meet t. If M' is a maximal m-system, 
which contains M and does not meet t, then O(M') is a minimal prime 
ideal belonging to t, according to Lemma 2. Since 0(~') h M', it follows 
that t h O(M') h ~'. This proves that any prime ideal containing t 
contains a minimal prime ideal belonging to t. 
If a is an arbitrary ideal, we consider the set m(a) of those and only 
those elements r of R, which have the property that every m-system, 
which contains r, contains an element of a. 
We first observe, that a h m(a) by the definition of m(a). Furthermore, 
a and m(a) are contained in precisely the same prime ideals. For suppose 
that a h ~. where ~ is a prime ideal, and that r E m(a). 
If r were not in~. that is, if r E 0(~), then 0(~) would have to contain 
an element of a, since 0(~) is an m-system. But clearly 0(~) contains 
no element of a, and therefore r is not in 0(~). Thus r E ~. and hence 
m(a) h ~as required. This shows that m(a) is contained in the intersection 
of all the minimal prime ideals belonging to a. We can prove that m(a) 
equals this intersection. 
Let a be an element of R not in m(a). Hence, by the definition of m(a), 
there exists an m-system M which contains a but does not meet a. 
Likewise as in the proof of Theorem l, we can extend the m-system 
M to a maximal m-system M' which does not meet a. Then O(M') is a 
minimal prime ideal belonging to a, which does not contain a. Thus we 
have proved: 
Theorem 2. The set m(a), consisting of those and only those elements 
r of R, which have the property that every m-system which contains r, 
contains an element of a, is the intersection of all the minimal prime 
ideals belonging to a. 
As an immediate consequence we obtain: the set m(a) is an ideal. It 
appears, that m(a) is a half-prime ideal. For suppose that every m-system, 
which contains a, contains an element of m(a). Then every m-system 
containing a also contains an element of a by the definition of m(a). 
But then a E m(a), again by the definition of m(a), and m(a) is half-prime. 
Now by theorem l, m(a) is the intersection of all the minimal prime ideals 
belonging to it. As we have seen, the minimal prime ideals belonging to 
m(a) are identical with those belonging to a, as a and m(a) are contained 
in precisely the same prime ideals. Therefore, m(a) is the intersection of 
all the minimal prime ideals belonging to a, which is again theorem 2. 
It may be remarked here that the ideal m(a) has been introduced by 
McCoy as the radical of the ideal a. In [8] McCoY proves the same result 
as our theorem 2, but without using the concept of half-prime. 
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Corollary. Any prime ideal, which contains a, contains a minimacl 
prime ideal belonging to a. 
Indeed, if a prime ideal ,)) contains a, then it contains also m(a). But 
m(a) is half-prime, so ,)) contains a minimal prime ideal belonging to 
m( a) and therefore a minimal prime ideal belonging to a. 
As we have seen, a<: m(a) for an arbitrary ideal a. From theorems 
1 and 2 we infer that a=m(a) if a is a half-prime ideal. Conversely, if 
a=m(a), then a is a half-prime ideal, as m(a) is half-prime for any ideal a. 
Thus we can state: an ideal a is a half-prime ideal if and only if a=m(a). 
Following NAGATA [11], we call an ideal of a ring semi-prime if and 
only if it is an intersection of prime ideals of the ring. From theorem 2 
it follows, that m(a) is a semi-prime ideal for any ideal a. More generally 
we can say: a half-prime ideal is semi-prime. For if a is any half-prime 
ideal, then a=m(a) and a is semi-prime. The converse is also true, that 
is, a semi-prime ideal is half-prime. Let {J be any semi-prime ideal and 
suppose a fj {J. As {J is an intersection of prime ideals ,):11, there exists at 
least one of these prime ideals, say ,)), such that a fj ,)). Since ,)) is prime, 
O(,)J) is an m-system and we have a E O(,)J) = M. The m-system M does 
not meet,)), so a fortiori M does not meet o. Therefore if a is an element 
such that every m-system, which contains a, contains an element of {J, 
then a must belong to o. According to definition 4, {J is a half-prime 
ideal. This result yields us a new characterization of half-prime ideals: an 
ideal is half-prime if and only if it is an intersection of prime ideals. 
Turning to the semi-prime ideals we may state: an ideal a is semi-prime 
if and only if a=m(a). The last result has been remarked also by NAGATA 
in his paper [11, § 3, Remark 3]. 
A prime ideal,)) is semi-prime, but not conversely as may be seen from 
an example. The ideals (x) and (y) in the ring l[x, y] of polynomials in 
two indeterminates with integral coefficients are prime, and therefore 
the ideal (xy) = (x) n (y) is semi-prime; clearly (xy) is not prime, since 
x fj (xy), y fj (xy) and xy E (xy). 
As is well known the radical m(a) of an ideal a in a commutative ring R 
is the set of all elements a of R such that ai E a for some positive integer i, 
depending on a. 
If RaR denotes the set of all elements of R of the form "J)tayi, where 
Xt, Yt are in R, then we can prove in the non-commutative case: 
Theorem 3. The radical m(a) of an ideal a in a non-commutative 
ring R is the set of all elements a E R such that {RaR}'1 C a for some 
positive integer A., depending on a. 
Proof. If {RaRY <:a, then {RaRY· <:,)) for every prime ideal ,)) which 
contains a. By the prime property of,)) it follows that RaR <: ,)). From 
lemma 1 of [8] we infer that a E,)) for every prime ideal ,)) containing a. 
Therefore a belongs to the intersection of all minimal prime ideals belonging 
to a, that is, a E m(a). 
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In order to prove that a E m(a) implies {RaRY k; a for some positive 
integer A, we need the following results of Levitzki. The lower radical L 
of a ring R has been defined by BAER [12] as the intersection of all the 
radical ideals of the ring, i.e. the ideals 1> such that 1> is a nil ideal and 
Rjb has no nilpotent ideals other than zero. Now, if m(a) is the radical 
of a in the sense of McCoY, LEVITZKI [6] shows that the radical ideal 
m(a)ja of Rja is the lower radical of Rja. In his paper [7] LEVITZKI 
defines the semi-nilpotent ideals as follows: 
An ideal is called semi-nilpotent if each ring generated by a finite 
set of elements belonging to the ideal is nilpotent. The radical N is then 
defined as the sum of all semi-nilpotent ideals of the ring. The lower 
radical L of a ring is semi-nilpotent since it is a subset of the radical N. 
Therefore, the ideal m(a)ja is semi-nilpotent in Rja. Now suppose a E m(a) 
and (a) is the ideal generated by a. If now m(a)ja is semi-nilpotent, then 
the ring il= {(a) +a}ja is nilpotent, that is, for a certain A, we have a;. =6 
(where 6 is the zero of Rja) or (a);. k; a. As RaR k; (a), it follows that 
{RaR}~ k; (a);. k; a. This completes the proof of the theorem. 
2. In our further investigations we use the concept of primary ideal. 
First we define, like in our paper [5]: 
Definition 5. An element a of R is left related to the ideal a 
(l-related to a), in case there exists an element b not in a such that 
axb = O(a) for all x E R. 
The element a is left unrelated to a (l-unrelated to a) if axb = O(a) for 
an element b of R and all x of R implies b = O(a). 
Definition 6. An ideal 1> is l-related to a if every element of 1> is 
l-related to a. 
The ideal{> is l-unrelated to a, if it is not l-related to a. In a similar way, 
we may define the notion of r-relatedness. If a is an ideal in R( ¥=R), 
then every element of a is l-related to a. In the trivial case in which 
a= R we assume also: every element of a is l-related to a. The elements, 
which are l-unrelated to the arbitrary ideal a, form an m-system M. 
Again in case a= R, the m-system M becomes the void set, in accordance 
·with our assumption to consider the void set as an m-system. 
The radical m(a) of a, as defined above, is l-related to a. 
For suppose a E m(a) and a is l-unrelated to a. If a=R, then m(a) =R 
and m(a) is l-related to a. If a¥=R, the m-system M, consisting of all 
elements, l-unrelated to a, is not void and contains a. As a E m(a), every 
m-system, which contains a, contains an element of a. Therefore M con-
tains an element of a, which would be l-unrelated to a. This is impossible, 
since every element of a is l-related to a. Thus if a E m(a), then a is 
l-related to a, or the ideal m(a) is l-related to a according to definition 6. 
Likewise we can prove: m(a) is r-related to a, as every element of a 
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is r-related to a and the elements, r-unrelated to a, also form an m-system M'. 
Now we define: 
Definition 7. An ideal q is called an l-primary ideal if a is l-related 
to q implies that a E m(q), where m(q) is the radical of q in the sense 
of McCoy. 
Or: an ideal q is said to be l-primary if axb _ O(q) for all x E R and 
b ¢- O(q) implies a- O(m(q)), where m(q) is the McCoy radical of q. 
Similarly, we can define the notion of r-primary ideal, changing the 
word "l-related" in the definition by "r-related". We shall, however, 
restrict ourselves to a discussion of l-primary ideals, the results for 
r-primary ideals being quite analogous. Therefore in the sequel "primary" 
means ''left-primary''. 
As the radical m(q) of an ideal q is l-related to q, i.e. a E m(q) implies 
a is l-related to q, we see that q is a primary ideal if and only ifthe elements, 
which are l-related to it from the ideal m(q). 
If q is a primary ideal, then m(q) is a prime ideal. 
Let axb- O(m(q)) for all x E R, then we have to show, that a= O(m(q)) 
or b O(m(q)). Now suppose that neither a nor b belongs to m(q). As 
axb E m(q), it follows that axb is l-related to q, so there exists an element 
c not in q such that axbyc- O(q) for all x, y E R. Since a is l-unrelated 
to q, bye O(q) for ally E R (definition 5). Likewise as b is l-unrelated 
to q, we obtain c- O(q). This is a contradiction, since cis not in q, and 
therefore a E m(q) or bE m(q). Thus the ideal m(q) is a prime ideal ~-
The ideal ~=m(q) has the property that~ is l-related to q, but any 
ideal n such that ~Cn is l-unrelated to q. Expressed otherwise, the ideal~ 
is maximal in the class of all ideals, l-related to q or ~ is a maximall-prime 
ideal belonging to q (cf. [5]). In theorem 1 of [5] we proved that all elements, 
l-related to q, are spread over the maximall-prime ideals belonging to q. 
Here all elements, l-related to q, are contained in the maximal l-prime 
ideal ~ =m(q), which implies that ~ =m(q) is the only maximal l-prime 
ideal belonging to q. The ideal~ =m(q), consisting of all elements l-related 
to q, is called "prime ideal belonging to q" and conversely q is a "primary 
ideal belonging to ~,. Clearly 0(~) is the m-system, consisting of all 
elements l-unrelated to q. 0(~) is maximal in the class of m-systems, 
which do not meet q. For suppose 0(~) C M, where M is an m-system. 
Then M contains an element of~ =m(q). By the definition of m(q), every 
m-system, which contains an element of m(q), contains an element of q. 
Therefore 0(~) is maximal and by lemma 2, ~ is a minimal prime ideal 
belonging to q. From theorem 2 it follows that ~ = m( q) is contained in 
all the minimal prime ideals belonging to q and therefore ~ is the only 
minimal prime ideal belonging to q. 
Theorem 4. An ideal q is a primary ideal belonging to ~ if, and 
only if~ is the only maximal l-prime ideal belonging to q and the only 
minimal prime ideal belonging to q. 
13 Series A 
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Proof. We need only to show the "if" part of the theorem. As ~ 
is the only minimal prime ideal belonging to q, it follows from theorem 2 
that ~ equals the radical m(q) . .And from ~ is the only maximal l-prime 
ideai belonging to q we infer that the elements, which are l-related to q 
form the ideal~ =m(q). Then q is a primary ideal according to definition 7. 
Definition 8. The isolated l-component ideal of a belonging to ~' 
where ~ is a minimal prime ideal belonging to a, consists of all and only 
those elements c of R, such that there exists an element 8 in 0(~) with 
8XC = O(a) for all x E R (cf. def. 8 in [5]). 
Likewise we may define the isolated r-component ideal of a belonging 
to ~- Here we discuss only the isolated l-component ideals of a, as the 
corresponding results for the r-component ideals are analogous. If ~ is 
a given minimal prime ideal belonging to a, then the elements of 0(~) 
are l-unrelated to the isolated l-component ideal i;p of a belonging to ~­
Indeed, let 8 be an element of 0(~) and 8Xr = O(i;p) for all x E R. Then 
there exists an element tin 0(~) such that ty8xr = O(a) for all x, y E R. 
As 0(~) is an m-system, 8 E 0(~ ), t E 0(~) imply the existence of an 
element Yl of R such that ty18 EO(~) (definition 2). Then ty18xr =O(a) 
for all x E R and r E i;p, according to definition 8. This means, 8 is l-un-
related to i;p. 
In order to prove the next theorem, we need the following assumption, 
where ~ is a given prime ideal: 
(A) Every minimal prime ideal belonging to the isolated l-component 
ideal i;p is l-related to i;p. 
The following example shows that condition (A) is not always fulfilled. 
Let R be the ring of all polynomials in two non-commutativeindeterminates 
x and y with coefficients in a field K. Let a be the ideal (xy) which has 
two minimal prime ideals ~1=(x) and ~2=(y) belonging to a. Now i;p,, 
the set of all elements c such that 8Rc ~a for some 8 in 0(~1), is easily 
seen to be equal to a=(xy). Therefore i;p, has ~1=(x) and ~2=(y) as its 
minimal prime ideals. But ~2 is l-unrelated to i;p,, since y E ~2 is l-unrelated 
to i;p, =a. 
Theorem 5. Let ~ be a minimal prime ideal belonging to a. Then 
the isolated l-component ideal i;p of a belonging to ~ is a primary ideal 
belonging to ~, and i;p is the intersection of all primary ideals belonging 
to~' which contain a. We call i;p the "isolated primary component" of a 
(belonging to ~). 
Proof. As we have seen, the elements of 0(~) are l-unrelated to i;p. 
As ~ is a minimal prime ideal belonging to a, the set 0(~) is maximal in 
the class of m-systems, which do not meet a (lemma 2). Now consider 
the set M of all elements, which are l-unrelated to the ideal i;p. M is an 
m-system and 0(~) ~ M. Moreover, M does not meet a, since every 
element of a is l-related to i;p. (For any a E a, we have aRb= O(a), 
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b E R and as i, =FR [5], there exists an element b' not in i, such that 
aRb' = O(a). As a~ i,, it follows that aRb' = O(i,) and a is l-related 
to i,.) It follows that 0(~) = M and therefore ~ consists of all elements 
l-related to i, and ~ is the only maximal l-prime ideal belonging to i,. 
From definition 8 we obtain i, ~ ~· For, if c E i, and 8Rc = O(a) for 
any 8 of 0(~), then 8Rc = 0(~) and c E ~. as ~ is a prime ideal. Since 
a~ i, ~ ~ and~ is a minimal prime ideal belonging to a, it follows that 
~ is also a minimal prime ideal belonging to i,. Suppose now, there was 
another minimal prime ideal~· belonging to i,. Then~· is l-related to i,, 
using condition (A). But ~ is the only maximal l-prime ideal belonging 
to i,, so we should have~·~~· As~ is a minimal prime ideal belonging 
to i,, we must have~=~'. Therefore~ is the only minimal prime ideal 
belonging to i,. Then from theorem 4 it follows that i, is a primary ideal 
belonging to ~. 
Suppose now q, is an arbitrary primary ideal belonging to ~ and ql' 
contains a. Then all elements l-related to q11 form the ideal ~. Suppose b 
is an element in i 11 • Then there exists an element 8 in 0(~) such that 
8Rb- O(a) (definition 8). Then as a~ q, it follows that 8Rb = O(q11 ). 
Since 8 EO(~), 8 is l-unrelated to q11 , which implies b = O(q11 ). Therefore 
i, ~ q, for any primary ideal q11 belonging to ~ and containing a, and 
i, is contained in the intersection of these ideals. As i, is a primary ideal 
belonging to ~ and containing a, the intersection of all primary ideals 
belonging to ~ and containing a equals i,. This completes the proof. 
Now we define 
Definition 9. The intersection a* of all isolated primary components 
of a is called kernel of a. 
If~.~· •... are the minimal prime ideals belonging to a, then a*=i11 r\ 
fl i,, fl ... , where i11 , i11 , ••• are the isolated l-component ideals of a, 
belonging to ~. ~·, .... As a~ i11 for all ~. we have a~ a*. From a* ~ i~> 
for every isolated l-component ideal of a we infer that a*~~ for every 
minimal prime ideal belonging to a. 
The minimal prime ideals belonging to a* are identical with the minimal 
prime ideals belonging to a. 
For suppose ~ is a minimal prime ideal belonging to a, then a ~ a* ~ ~ 
and so ~ is a minimal prime ideal belonging to a*. Conversely let ~· be 
a minimal prime ideal belonging to a*. Then a~ a* C ~·. and~· contains 
a, which implies ~· contains a minimal prime ideal ~" belonging to a 
(corollary to theorem 2). Then~" is also a minimal prime ideal belonging 
to a*, as we have seen. From a*~~"~~· we conclude that~·=~" and 
p' is a minimal prime ideal belonging to a. With the aid of theorem 2, 
we may restate our result in the form m(a)=m(a*) where m(a), m(a*) 
are the radicals of a, a* respectively in the sense of McCoy. 
Let ~ be a minimal prime ideal belonging to a and (i11)a the isolated 
primary component of a belonging to ~. Then ~ is also a minimal prime 
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ideal belonging to a*, and we can prove (i:p)a=(i:p)a*• where (i:p)a* is the 
isolated primary component of a* belonging to p. Let c E (i:p)11, then 
sxc = O(a) for an element s E O(p) and all x E R, so sxc- O(a*) and 
c E (i:p)a*· Conversely let d belong to (i:p)a*• then there exists an element 
t E O(p) such that tyd _ O(a*) for all y E R, hence tyd- O((i:p)11 ) for 
all y E R. It follows that dE (i:p)11 , as t E O(p) is l-unrelated to (i:p)11• 
We have proved 
Theorem 6. The isolated primary components of a* are identical 
with the isolated primary components of a. 
An ideal a equals the intersection of its isolated primary components 
if and only if a= a*, where a* is the kernel of a. Examples of such ideals 
are furnished by the primary ideals, for we can prove: A primary ideal a 
is always equal to its kernel. Let a be a primary ideal belonging to p. 
Then pis the only maximall-prime ideal belonging to a. Thus the elements 
of O(p) are l-unrelated to a or from 8Rc = O(a) for an element 8 E O(p) 
it follows that c = O(a). This means, if c E (i:p)a then c Ea. As a C (i:p)a 
we deduce that a= (i;p)a· Since pis the only minimal prime ideal belonging 
to a, there is just one isolated l-component ideal (i:p)a of a. Therefore 
a*=(i;p)a and we conclude: a=a*. 
In the general case, however, the kernel of a contains a properly. 
For example, let l[x, y] be the ring of polynomials in two indeterminates 
with integral coefficients. We consider the ideal a= (x2y, xy2) in this ring. 
It follows easily that P1 = (x) and P2 = (y) are the only minimal prime 
ideals belonging to a. Now i:p, = P1 and i:p. = P2 so that the isolated l-compo-
nent ideals of a are primary. Then a*= i:p, () i:p. = P1 () P2 = (x) () (y) = (xy). 
As xy ¢a, we have a C a*. It may be remarked here, that for a commutative 
ring the isolated component ideals of a are always primary, since condition 
(A) is fulfilled in the commutative case. 
Now we define, extending a concept of Fucns [2]: 
Definition 10. An element a is primary to the ideal a if bRa - O(a) 
implies b - O(m(a)). 
It follows, that if q is a primary ideal according to definition 7, then 
the elements not in q are primary to q. 
We can prove: 
Theorem 7. An element a is primary to a if and only if it belongs 
to no isolated primary component of a. 
Proof. If no isolated primary component of a contains a, then 
bRa= O(a) implies that b must belong to all minimal prime ideals 
belonging to a (definition 8), that is, b E m(a). Conversely, if a is primary 
to a, and a would belong to the isolated primary component 'YJ belonging 
to the minimal prime ideal p, then we could find an element 8 of O(p) 
such that 8Ra = O(a). Hence we should get 8 E m(a), a contradiction to 
s ¢ p. This completes the proof. 
191 
Theorem 7 asserts that if two ideals have the same isolated primary 
components then the same elements are primary to them. Thus we infer 
from theorem 6 that the same elements are primary to an ideal a and 
to its kernel a*. The kernel of a is clearly the maximal ideal with this 
property, hence the kernel may be characterized as follows: 
Corollary. The kernel of a is the maximal ideal to which the same 
elements are primary as to a. 
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